Analysis of
Variance(ANOVA)




Definition of Experiment

To really understand cause-and-effect relationships in a system you must deliberately

change the input variables to the system and observe the changes in the system output that
these changes to the inputs produce.

In other words, you need to conduct experiments on the system.

Each experimental run is a test

We can define an experiment as a test or series of runs in which purposeful changes are
made to the input variables of a process or system so that we may observe and identify the
reasons for changes that may be observed in the output response.



Process or System

Controllable factors m FIGURE 1.1 General model of a
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Uncontrollable factors

In general, experiments are used to study the performance of processes and systems.

We can usually visualize the process as a combination of operations, machines, methods,
people, and other resources that transforms some input (often a material) into an output
that has one or more observable response variables.

Some of the process variables and material properties x;, X, . . ., X, are controllable,
whereas other variables z,, z,, . . ., z, are uncontrollable (although they may be controllable

for purposes of a test).



Objectives of Experiment

The objectives of the experiment may include the following:

Determining which variables are most influential on the response y

Determining where to set the influential x’s so that y is almost always near the desired nominal
value

Determining where to set the influential x’s so that variability in y is small

Determining where to set the influential x’s so that the effects of the uncontrollable variables z,,
Zy, - - -, Zg @re minimized.



Strategies of Experimentation

The general approach to planning and conducting the experiment is called the strategy of
experimentation

Consider that someone is trying to lower his/her golf score

The person has identified certain “factors” that influences the golf score
o The type of driver used (oversized or regular sized)

(o]

The type of ball used (balata or three piece)

(o]

Walking and carrying the golf clubs or riding in a golf cart

(o]

Drinking water or drinking “something else” while playing

(o]

Playing in the morning or playing in the afternoon

(o]

Playing when it is cool or playing when it is hot

(o]

The type of golf shoe spike worn (metal or soft) 8. Playing on a windy day or playing on a calm day.



continued

Best guess
o Select an arbitrary combination of these factors, test them, and see what happens

One factor at a time(OFAT)

o The OFAT method consists of selecting a starting point, or baseline set of levels, for each factor, and
then successively varying each factor over its range with the other factors held constant at the baseline
level. After all tests are performed, a series of graphs are usually constructed showing how the response
variable is affected by varying each factor with all other factors held constant

Factorial experiment
o factors are varied together, instead of one at a time



An example

In many integrated circuit manufacturing steps, wafers are completely coated with a layer of
material such as silicon dioxide or a metal.

The unwanted material is then selectively removed by etching through a mask, thereby creating
circuit patterns, electrical interconnects, and areas in which diffusions or metal depositions are
to be made.

A plasma etching process is widely used for this operation, particularly in small geometry
applications.

An engineer is interested in investigating the relationship between the RF power setting and the
etch rate for this tool.

The objective of an experiment like this is to model the relationship between etch rate and RF
power, and to specify the power setting that will give a desired target etch rate.



The engineer is interested in a particular gas (C,F;) and gap (0.80 cm) and wants to test four
levels of RF power: 160, 180, 200, and 220 W.

It was decided to test five wafers at each level of RF power.

This is an example of a single-factor experiment with a = 4 levels of the factorand n=5
replicates.

The 20 runs should be made in random order.

This randomized test sequence is necessary to prevent the effects of unknown nuisance
variables, perhaps varying out of control during the experiment, from contaminating the results.

o Suppose that we were to run the 20 test wafers in the original nonrandomized order (that is, all five 160
W power runs are made first, all five 180 W power runs are made next, and so on).

° If the etching tool exhibits a warm-up effect such that the longer it is on, the lower the observed etch
rate readings will be, the warm-up effect will potentially contaminate the data and destroy the validity
of the experiment.



A sample data set

Excel Kandom

Test Sequence Number (Sorted) Power
1 12417 200
2 18369 220
3 21238 220
4 24621 160
5 20337 160
[ 32318 180
7 36451 200
8 40062 160
9 43289 180

10 49271 200
11 49813 220
12 52286 220
13 57102 160
14 63548 160
15 a7710 220
16 71834 180
17 77216 180
18 84675 180
19 89323 200

20 94037 200




m TABLE 3.1
Etch Rate Data (in A/min) from the Plasma Etching Experiment

Observations
Power
(W) 1 2 3 4 5 Totals Averages
160 575 542 530 539 570 2756 551.2
180 565 593 590 579 610 2937 587.4
200 600 651 610 637 629 3127 625.4
220 725 700 715 685 710 3535 707.0
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m FIGURE 3.2 Box plots and scatter diagram of the etch rate data



Both graphs indicate that etch rate increases as the power setting increases.

There is no strong evidence to suggest that the variability in etch rate around the average
depends on the power setting. On the basis of this simple graphical analysis, we strongly suspect

that (1) RF power setting affects the etch rate and (2) higher power settings result in increased
etch rate.




Suppose that we wish to be more objective in our analysis of the data.

Specifically, suppose that we wish to test for differences between the mean etch rates at alla =4
levels of RF power.

Thus, we are interested in testing the equality of all four means. It might seem that this problem
could be solved by performing a t-test for all six possible pairs of means.

However, this is not the best solution to this problem.
First of all, performing all six pairwise t-tests is inefficient. It takes a lot of effort.

Second, conducting all these pairwise comparisons inflates the type | error. Suppose that all four
means are equal, so if we select 0=0.05, the probability of reaching the correct decision on any
single comparison is 0.95. However, the probability of reaching the correct conclusion on all six
comparisons is considerably less than 0.95, so the type | error is inflated.

The appropriate procedure for testing the equality of several means is the analysis of variance.



The Analysis of Variance

Suppose we have a treatments or different levels of a single factor that we wish to compare. The
observed response from each of the treatments is a random variable.

m TABLE 3.2
Typical Data for a Single-Factor Experiment

Treatment
(Level) Obhservations Totals Averages
I Y Yiz S Yin Y Y.
2 Y Yz S Vo Ya ¥a.
a Ya Yaz LI Van Ya. i
Y. Y.

Each value represents the jth observation taken under factor level or treatment i. There will be,
in general, n observations under the ith treatment.



Models of the data

i=1,2,...,a

y; is the ijth observation, y; is the mean of the ith factor level or treatment, and €; is a random
error component that incorporates all other sources of variability in the experiment including
measurement, variability arising from uncontrolled factors, differences between the
experimental units (such as test material, etc.) to which the treatments are applied, and the
general background noise in the process (such as variability over time, effects of environmental

variables, and so forth).
The errors are assumed to have mean zero, so that E(y;) = i,
The above equation is also known as means model.

W, can be writtenas  u,=u + 7, i=1,2,...,a



The means equation can be written as :

B i=1,2,...
ytj_su'—l_Ti—l_Etj{j: ],2
This equation is termed as: effects model

In this form of the model, pis a parameter common to all treatments called the overall mean,
and Tau, is a parameter unique to the ith treatment called the ith treatment effect

Both the means model and the effects model are linear statistical models; that is, the response
variable y; is a linear function of the model parameters.

Although both forms of the model are useful, the effects model is more widely encountered in
the experimental design literature.



The above equations are called the one-way or single-factor analysis of variance (ANOVA) model
because only one factor is investigated.

It is required that the experiment be performed in random order so that the environment in
which the treatments are applied (often called the experimental units) is as uniform as possible.
Thus, the experimental design is a completely randomized design.

Our objectives will be to test appropriate hypotheses about the treatment means and to
estimate them.

For hypothesis testing, the model errors are assumed to be normally and independently
distributed random variables with mean zero and variance o2. The variance o2 is assumed to be
constant for all levels of the factor.



Fixed or random effects

The above equations describe two different situations with respect to the treatment effects.
First, the a treatments could have been specifically chosen by the experimenter. In this situation,
we wish to test hypotheses about the treatment means, and our conclusions will apply only to
the factor levels considered in the analysis. The conclusions cannot be extended to similar
treatments that were not explicitly considered. We may also wish to estimate the model
parameters (u, 7, o). This is called the fixed effects model.

Alternatively, the a treatments could be a random sample from a larger population of
treatments. In this situation, we should like to be able to extend the conclusions (which are
based on the sample of treatments) to all treatments in the population, whether or not they
were explicitly considered in the analysis. Here, the Tau, are random variables, and knowledge
about the particular ones investigated is relatively useless. Instead, we test hypotheses about
the variability of the Tau, and try to estimate this variability. This is called the random effects
model or components of variance model.



Analysis of the fixed effects model

Let ?, represent the average of the observations under the ith treatment. Similarly, let y..
represent the grand total of all the observations and y represent the grand average of all the
observations.

1

Vo=2Yi Y.=yln  i=12...,a

j=1

a n

.= 2 XY Y.=VIN

i=1 j=1

where N = an is the total number of observations.
We are interested in testing the equality of the a treatment means.

The appropriate hypotheses are:
Hyipy = po = = py
H,:p; # p; for at least one pair (i, j)



In the effects model, we break the ith treatment mean p, into two components such that w; = u + 7.

We can define u as:

;P’-i

a M

[/}
Based on the above, we can conclude: ¥ 7, =0
i=1

Thus, an equivalent way to write the above hypotheses is in terms of the treatment effects:

Hyrn=7m="7,=0

H:1t,#0 for at least one i



The name analysis of variance is derived from a partitioning of total variability into its component
parts. The total corrected sum of squares

22(}’9_}’)2

i=1 j=
is used as a measure of overall variabilitv in the data.

EE(}}; y_)l—nE(y, —y_2+22(yg—y,)1

i=1 j= =1 j=1

The above equation is the fundamental ANOVA identity.

It states that the total variability in the data, as measured by the total corrected sum of squares, can
be partitioned into a sum of squares of the differences between the treatment averages and the

grand average plus a sum of squares of the differences of observations within treatments from the
treatment average.



The difference between the observed treatment averages and the grand average is a measure of
the differences between treatment means, whereas the differences of observations within a
treatment from the treatment average can be due to only random error.

So the previous equation can be rewritten as:
SST - SSTreaImmts + SSE

where SS+...iments 1S Called the sum of squares due to treatments (i.e., between treatments), and
SSE is called the sum of squares due to error (i.e., within treatments). There are an = N total
observations; thus, SS; has N - 1 degrees of freedom. There are a levels of the factor (and a
treatment means), SO SS;,..tments NAs @ - 1 degrees of freedom. Finally, there are n replicates
within any treatment providing n - 1 degrees of freedom with which to estimate the
experimental error. Because there are a treatments, we have a(n - 1) =an - a =N - a degrees of
freedom for error.



SS¢/(N - a)is a pooled estimate of the common variance within each of the a treatments

If there were no differences between the a treatment means, we could use the variation of the
treatment averages from the grand average to estimate o?
SSTmaImmts o

n ; (y. — i.)z

a— 1 a— 1

The quantities

SS
MSTn:atmmts - %

and

SS,
N —a

MSE —

are called mean squares. We now examine the expected values of these mean squares.




EMSy) = o?
ny 7

EMS 1 epments) = o’ + ai=_l 1

Thus, a MS; = SS./(N - a) estimates 02, and, if there are no differences in treatment means

(which implies that Tau, = 0), MS,..iments = SStreatments/ (@ - 1) also estimates o2. However, note

that if treatment means do differ, the expected value of the treatment mean square is greater
than o?

A test of the hypothesis of no difference in treatment means can be performed by comparing
MS and MS,

Treatments

Let us see next how that can be done.



We have assumed that the errors €; are normally and independently distributed with mean zero
and variance o?.

The observations y; are normally and independently distributed with mean & + T variance o2
Thus, SST is a sum of squares in normally distributed random variables; consequently, it can be
shown that SST/o? is distributed as chi-square with N - 1 degrees of freedom.

It can be shown that SSE/c? is chi-square with N - a degrees of freedom and that SS+. .. ments/ 02 iS
chi-square with a - 1 degrees of freedom if the null hypothesis H,:7, = 0 is true. However, all
three sums of squares are not necessarily independent because SS and SS; add to SSs.

Treatments

If the null hypothesis of no difference in treatment means is true, the ratio

F. = SSTﬂr:aImf:nt.«;,(“:I - 1) _ MSTmmanq
0 SS/(N — a) MS,,
is distributed as F with a-1 and N - a degrees of freedom.




The previous equation is the test statistic for the hypothesis of no differences in treatment
means.

We should reject H, and conclude that there are differences in the treatment means if
Fﬂ > Fa,a—l,N—a

where FO is computed from the previous equation.

Next we list the formulations to find the various sum of squares.




m TABLE 3.3
The Analysis of Variance Table for the Single-Factor, Fixed Effects Model

Sum of Degrees of Mean

Source of Variation Squares Freedom Square F,
SSl'nmlnwntu
- N ) . M. S'I"reaxments:

Between treatments =n E (v, — V) a— 1 MSteamens o = TMS.

i1 E
Error (within treatments) SS; = 85 — SStcaments N—a MS;
Total SSr =2 2 — .. ) N—1

i=1 j=1




To illustrate the analysis of variance, return to the first exam- We will use the analysis of variance to test Hy:p, =
ple discussed in Section 3.1. Recall that the engineer is My = ps = M4 against the alternative H,: some means are
interested in dﬂlﬂlTI]iI]iIlg if the RF power SElliIlg alfects the different. The sums of squares requi[ed are cﬂmputed using
etch rate, and she has run a completely randomized experi- Equations 3.8, 3.9, and 3.10 as follows:

ment with four levels of RF power and five replicates. For

convenience, we repeat here the data from Table 3.1:

Observed Etch Rate (fiflllil‘l)

RF Power Totals Averages
(W) 1 2 3 4 S ¥; ¥:
160 575 542 530 539 570 2756 551.2
180 565 593 590 579 610 2937 587.4
200 600 651 610 637 629 3127 625.4
220 725 700 715 685 710 3535 707.0
y. = 12,355 y._ = 617.75




Appendix 4 (to be used in the next slide

ol L

¥ Degrees of Freedom for the Numerator (v)

vy 1 2 3 4 5 6 7 8 9 10 12 15

I61.4 1995 2157 2246 2302 2340 2368 2389 2405 2419 2439 2459
1851 1900 1916 1925 1930 1933 1935 1937 1938 1940 1941 1943
10,13 9.55 928 912 9.0 894 B89  BBS 88l 819 874 B.70

701 694 659 639  6.26 616 609 604 600 59 591 5.86

2
3
4
5 661 579 541 519 505 495 488 482 477 474 468 462
5 5.99 5.14 4,76 4.53 4,39 4,28 4.21 4.15 4,10 4.06 4,00 3.94
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 373 3.608 .64 3.57 3.51
8 532 446 407 384 369 358 350 344 339 335 328 322
9 512 426 386 363 348 337 329 323 318 314 307 301

10 4% 410 371 J48 0 333 322 304 307 302 298 29 2.85
11 4.84 398 359 336 320 3 3. 295 290 28y 279 272
12 475 389 349 326 311 300 291 285 280 275 269 2.62
13 467 381 341 318 3.03 292 283 277 271 267 260 2.53
14 460 374 334 311 2.96 28 276 270 265 260 253 2.46

15 454 368 329 306 290 279 271 264 259 254 248 2.40
449 363 324 3.0 2.85 274 2e6 259 254 249 242 2.35
17 445 359 320 29 28] 270 2.6l 255 249 245 238 2.31
18 441 355 3l 293 277 266 258 251 246 241 2.34 2.27
19 438 352 313 2% 274 263 254 248 242 238 231 2.23

20 435 349 3 287 27 260 2351 245 239 2.35 228 2.20
21 432 347 307 284 2168 257 249 242 237 232 235 2.18
22 430 344 305 282 266 255 246 240 234 230 223 215

Degrees of Freedom for the Denominator (ps)
=




o= ﬁ SSg = 887 — SSteatments
S8y = ;;}’3 — = = 72,209.75 — 66,870.55 = 5339.20
= (575 + (542)% + - + (T10) — (12,355)° Usually, l}lese calculations would be perfurmetlj'un a
- 20 computer, using a software package with the capability to
=12, 209‘4?5 analyze data from designed experiments.
SS reatments = % >y — E The ANOVA is summarized in Table 3.4. Note that the
i=1 N , RF power or between-treatment mean square (22,290.18)
12,355 i i ithin-
_1 [2756) + -+ + (3535)2] — ( ) is many times larger than.thfa vtfll;hm l:rE:alI!lEPt I T
5 20 mean square (333.70). This indicates that it is unlikely
= 66,870.55 that the treatment means are equal. More formally, we

can compute the F ratio F, = 22,290.18/333.70 = 66.80 rate. We could also compute a P-value for this test statis-
and compare this to an appropriate upper-tail percentage tic. Figure 3.3 shows the reference distribution (F; ;) for
point of the F; ;¢ distribution. To use a fixed significance thu_:: test statistic F\,. C]{:’arly, the P-value is very small in
level approach, suppose that the experimenter has select-  (Nis case. From Appendix Table A-4, we find that Fo ¢34
ed @ = 0.05. From Appendix Table IV we find that = 5.29 and because F, > 5.29, we can conclude that an

Foosa1s = 3.24. Because F, = 66.80 > 3.24, we reject upper bound for the P-value is 0.01; that is, P < 0.01 (the
exact P-value is P = 2.88 X 107°).

H, and conclude that the treatment means differ; that is,
the RF power setting significantly affects the mean etch




m TABLE 3.4
ANOVA for the Plasma Etching Experiment

Sum of Degrees of Mean
Source of Variation Squares Freedom Square Fy P-Value
RF Power 66,870.55 3 22,290.18 Fy, = 66.80 <0.01
Error 5339.20 16 333.70
Total 72,209.75 19
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m FIGURE 3.3 The reference distribution (F;,,) for
the test statistic F, in Example 3.1




We now present estimators for the parameters in the single-factor model y; = u# + 7 + €5
po=y.
'Fizii._i..* i=l,2,...,a

A confidence interval estimate of the ith treatment mean may be easily determined. The mean
of the ith treatmentis w; = n + 7;

A point estimator of iwouldbe @, = p + 7; = y;.
a 100(1-a) percent confidence interval on the ith treatment mean p, is

) MS, . MS,
Vi ~lapN-ay |57 S Wi =Y T lapN-ay |

A 100(1 - a) percent confidence interval on the difference in any two treatments means, say L, -




Using the data in Example 3.1, we may find the estimates

of the overall mean and the treatment effects as ﬁ =
12.355/20 = 617.75 and

7=y — 551.20 — 617.75 = —66.55
P =7y, —y = 587.40 — 617.75 = —30.35
=y, —y = 625.40 — 617.75 = 7.65

7y =y, —y. =707.00 — 617.75 = 89.25

| =] 2]
I

A 95 percent confidence interval on the mean of
treatment 4 (220W of RF power) is computed from
Equation 3.12 as

333.70
5

333.70
5

707.00 — 2.120 = py = 707.00 + 2.120

or
707.00 — 17.32 < p, < 707.00 + 17.32

Thus, the desired 95 percent confidence interval is
689.68 = u, = 724.32.



In some single-factor experiments, the number of observations taken within each treatment
may be different. We then say that the design is unbalanced.

The manual computational formulas for S8 and SS1catments PECOME

NRARA
AN ments . AT
Treat t ,:Z] 1 N

2 2
i
i

No other changes are required in the analysis of variance

There are two advantages in choosing a balanced design. First, the test statistic is relatively
insensitive to small departures from the assumption of equal variances for the a treatments if
the sample sizes are equal. This is not the case for unequal sample sizes. Second, the power of



Model adequacy checking

The single factor model works on the assumption:

The errors are normally and independently distributed with mean zero and constant but unknown variance o?. If

these assumptions are valid, the analysis of variance procedure is an exact test of the hypothesis of no difference
in treatment means.

In practice, however, these assumptions will usually not hold exactly. Consequently, it is usually unwise to rely on
the analysis of variance until the validity of these assumptions has been checked.

Violations of the basic assumptions and model adequacy can be easily investigated by the examination of

residuals.
e; = Yy — Yy
Wherei}_ is an estimate of the corresponding observation y; obtained as follows:
JT’:;; =+
=y.+ O —y)
=Y

If the model is adequate, the residuals should be structureless; that is, they should contain no obvious patterns.



Normality assumption

A check of the normality assumption could be made by plotting a histogram of the residuals.

One way is to construct a normal probability plot of the residuals. If the underlying error
distribution is normal, this plot will resemble a straight line.

MNormal % probability

1 | | | |
-25.4 -12.66 0.1 12.85 256
Residual




Because the F test is only slightly affected, we say that the analysis of variance (and related
procedures such as multiple comparisons) is robust to the normality assumption.

A very common defect that often shows up on normal probability plots is one residual that is
very much larger than any of the others. Such a residual is often called an outlier. The presence
of one or more outliers can seriously distort the analysis of variance, so when a potential outlier

is located, careful investigation is called for.

A rough check for outliers may be made by examining the standardized residuals:
€j

d!" -
T /MS,

If the errors € are N(0, o?), the standardized residuals should be approximately normal with mean zero and unit variance.




Plotting the residuals in time order of data collection is helpful in detecting strong correlation
between the residuals.

A tendency to have runs of positive and negative residuals indicates positive correlation. This
would imply that the independence assumption on the errors has been violated. This is a
potentially serious problem and one that is difficult to correct, so it is important to prevent the
problem if possible when the data are collected.

Proper randomization of the experiment is an important step in obtaining independence.

Sometimes the skill of the experimenter (or the subjects) may change as the experiment
progresses, or the process being studied may “drift” or become more erratic.

This will often result in a change in the error variance over time. This condition often leads to a
plot of residuals versus time that exhibits more spread at one end than at the other.
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m FIGURE 3.6 Plot of residuals versus
fitted values

m FIGURE 3.5 Plot of residuals versus
run order or time




Plot of Residuals Versus Fitted Values

If the model is correct and the assumptions are satisfied, the residuals should be structureless;
in particular, they should be unrelated to any other variable including the predicted response. A
simple check is to plot the residuals versus the fitted values .

This plot should not reveal any obvious pattern.

A defect that occasionally shows up on this plot is nonconstant variance. Sometimes the
variance of the observations increases as the magnitude of the observation increases. This
would be the case if the error or background noise in the experiment was a constant percentage
of the size of the observation.

If the assumption of homogeneity of variances is violated,the Ftest is only slightly affected in the
balanced (equal sample sizes in all treatments) fixed effects model.

The usual approach to dealing with nonconstant variance when it occurs for the above reasons is
to apply a variance-stabilizing transformation and then to run the analysis of variance on the
transformed data. In this approach, one should note that the conclusions of the analysis of



Example on transformation

For example, if the observations follow the Poisson
distribution, the square root transformation y; = \/}T,_, ory; = V1 + y; would be used. If
the data follow the lognormal distribution, the logarithmic transformation y; = log y; is
appropriate, For binomial data expressed as fractions, the arecsin transformation
y,?’; = arcsin "'Jy: is useful. When there is no obvious transformation, the experimenter usually
empirically seeks a transformation that equalizes the variance regardless of the value of the mean.




Statistical Tests for Equality of Variance.

.yl — 2 ., — 2
Hﬂ.(f|—ﬂr2— = o,

H, :above not true for at least one o7

A widely used procedure is Bartlett’s test. The procedure involves computing a statistic whose
sampling distribution is closely approximated by the chi-square distribution with a 1 degrees of
freedom when the a random samples are from independent normal populations. The test

statistic is
q

X3 = 2.3026 %

where
q = (N — a)log,, S2 — ; (n; — Dlogy, S?

_ | 5 T T
C—]+3(H_1)(E(HE 1) (N a})

S ;- 1)S?
g2 — =

2
P N — a
_ and S7 is the sample variance of the ith population. _



we reject H, only when

X6 Xoat
where ¢ ,_, is the upper & percentage point of the chi-square distribution with @ — 1 degrees
of freedom. The P-value approach to decision making could also be used.

This test is highly sensitive to normality assumption




An example

In the plasma etch experiment, the normality assumption is and the test statistic is

not in question, so we can apply Bartlett’s test to the etch 0.21)

rate data. We first compute the sample variances in each Xi = 23026 —— = 0.43

treatment and find that § = 400.7, 52 = 2803, 2 = 421.3, (1.10)

and S = 232.5. Then From Appendix Table II1, we find that y§ s = 7.81 (the

P-value is P = 0.934), so we cannot reject the null hypoth-

52 = 4(400.7) + 4(280.3) + 4(421.3) + 4(232.5) — 3337  e©sis. There is no evidence to counter the claim that all five

! 16 " variances are the same. This is the same conclusion reached
by analyzing the plot of residuals versus fitted values.

g = 16 10g,,(333.7) — 4[log,;400.7 + log,;280.3
+ log,y421.3 + log,,232.5] = 0.21

— 4L (4_1)_
c 1+3(3)(4 16) 1.10



Some other transformation types

m TABLE 3.9

Variance-Stabilizing Transformations

Relationship

Between o, and p a A=1— a Transformation Comment

oy, % conslant 0 1 No transformation

oy ' 1/2 1/2 Square root Poisson (count) data
) 1 0 Log

o, o« p? 3/2 —1/2 Reciprocal square root

oy % 2 —1 Reciprocal



Interpreting results

The factors involved in an experiment can be either quantitative or qualitative.

A quantitative factor is one whose levels can be associated with points on a numerical scale,
such as temperature, pressure, or time.

Qualitative factors, on the other hand, are factors for which the levels cannot be arranged in
order of magnitude. Operators, batches of raw material, and shifts are typical qualitative factors
because there is no reason to rank them in any particular numerical order.

the experimenter is frequently interested in developing an interpolation equation for the

response variable in the experiment. This equation is an empirical model of the process that has
been studied.

We initially try fitting a linear model to the data, say

y=PBot+ Bix+e€
where B, and 8, are unknown parameters to be estimated and € is a random error term.
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The quadratic model is made since the liner model does not produce a good fit.
The model is:

y = 1147.77 — 8.2555 x + 0.028375 x*

The empirical model is used to predict etch rate at power settings within the region of
experimentation. In other cases, the empirical model could be used for process optimization




Graphical comparison of means

It is very easy to develop a graphical procedure for the comparison of means following an
analysis of variance. Suppose that the factor of interest has a levels and thaty, , y,,...,y, are
the treatment averages. If we know o, any treatment average would have a standard deviation
o/\/n. Consequently, if all factor level means are identical, the observed sample means y;
would behave as if they were a set of observations drawn at random from a normal distribu-
tion with mean y_and standard deviation o/Vn. Visualize a normal distribution capable of
being slid along an axis below which the y,, y,, ..., v, are plotted. If the treatment means are
all equal, there should be some position for this distribution that makes it obvious that the y;
values were drawn from the same distribution. If this is not the case, the y; values that appear
not to have been drawn from this distribution are associated with factor levels that produce
different mean responses.




The only flaw in this logic is that o is unknown. Box, Hunter, and Hunter (2005)
point out that we can replace o with VvV MS; from the analysis of variance and use a 7 dis-
tribution with a scale factor V MS,/n instead of the normal. Such an arrangement for the
etch rate data of Example 3.1 is shown in Figure 3.11. Focus on the # distribution shown
as a solid line curve in the middle of the display.

To sketch the f distribution in Figure 3.11, simply multiply the abscissa ¢ value by the
scale factor

VMSg/m = V330.70/5 = 8.13

and plot this against the ordinate of ¢ at that point. Because the f distribution looks much like
the normal, except that it is a little flatter near the center and has longer tails, this sketch is
usually easily constructed by eye. If you wish to be more precise, there is a table of abscissa
t values and the corresponding ordinates in Box, Hunter, and Hunter (2005). The distribution
can have an arbitrary origin, although it is usually best to choose one in the region of the y,.



Visualize sliding the t distribution in Figure 3.11 along the horizontal axis as indicated by the
dashed lines and examine the four means plotted in the figure. Notice that there is no location
for the distribution such that all four averages could be thought of as typical, randomly selected
observations from the distribution. This implies that all four means are not equal; thus, the
figure is a graphical display of the ANOVA results. Furthermore, the figure indicates that all four
levels of power (160, 180, 200, 220 W) produce mean etch rates that differ from each other.
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m FIGURE 3.11 FEtch rate averages from Example 3.1 in relation to a f distribution
with scale factor VMS,/n = V330.70/5 = 8.13



Contrast

Many multiple comparison methods use the idea of a contrast. Consider the plasma etching
experiment. Because the null hypothesis was rejected, we know that some power settings
produce different etch rates than others, but which ones actually cause this difference? We
might suspect at the outset of the experiment that 200 W and 220 W produce the same etch
rate, implying that we would like to test the hypothesis:

Hy:ps = g
Hy:ps # gy
or equivalently
Hy:py — py =0
Hi:ps — py #0

If we had suspected at the start of the experiment that the average of the lowest levels of power
did not differ from the average of the highest levels of power, then the hypothesis would have

been Hy:py + o = s + g
Hytpy + po #F s+ gy

or
Hy:py + po — 3 — gy 7 0




In general, a contrast is a linear combination of parameters of the form

I'= 2 Cilki
i=1
where the contrast constants c,, c,, . . . , ¢, sum to zero; that is, 2¢_, ¢; = 0. Both of the above
hypotheses can be expressed in terms of contrasts:
Hn:z cip; = 0
i=1
H;:Y ca; # 0 (3.25)
i=1
The contrast constants for the hypotheses in Equation 3.23 are ¢, = ¢, =0, ¢; = +1, and
¢, = —1, whereas for the hypotheses in Equation 3.24, they are ¢, = ¢, = +1 and ¢; =
I':4 - - 1 .

Equation 3.23 and 3.24 are the hypothesises mentioned in the previous slide



Testing hypotheses involving contrasts can be done in two basic ways. The first method uses a t-test.

The following statistics is calculated to test the hypothesis mentioned in the previous slide (3.25)

; C;yi.
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The second approach uses an F test. Now the square of a t random variable with degrees of freedom
isban F random variable with 1 numerator and v denominator degrees of freedom. Therefore, we can
obtain
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Orthogonal contrasts

Two contrasts with coefficients {ci} and {di} are orthogonal if

E Cfdf — 0
i=1
or, for an unbalanced design, if

2 nfcxdi =0
=1

For a treatments, the set of a - 1 orthogonal contrasts partition the sum of squares due to
treatments into a - 1 independent single-degree-of-freedom components. Thus, tests performed
on orthogonal contrasts are independent.

There are many ways to choose the orthogonal contrast coefficients for a set of treatments.
Usually, something in the nature of the experiment should suggest which comparisons will be of
interest.



Coefficients for

Treatment Orthogonal Contrasts
1 (control) —2 0
2 (level 1) 1 —1
3 (level 2) 1 1

Generally, the method of contrasts (or orthogonal contrasts) is useful for what are called

preplanned comparisons. That is, the contrasts are specified prior to running the experiment
and examining the data.

Examining the data to select comparisons of potential interest is often called data snooping



Comparing pair of treatment means

In many practical situations, we will wish to compare only pairs of means. Frequently, we can
determine which means differ by testing the differences between all pairs of treatment means.
Thus, we are interested in contrasts of the form I = w; — u; forall i # j.

Suppose that we are interested in comparing all pairs of treatment means and that the null
hypotheses that we wish to test are H,: p, = p, forall i # j.

Tukey’s Test:

Suppose that, following an ANOVA in which we have rejected the null hypothesis of equal
treatment means, we wish to test all pairwise mean comparisons:

Ho:pi = p
Hy:p; #



Tukey’s procedure makes use of the distribution of the studentized range statistic

_ Fmax o imin

V/MS,in

where vy, and y,,;, are the largest and smallest sample means, respectively, out of a group of
p sample means. Appendix Table VII contains values of g,( p, f), the upper a percentage
points of g, where fis the number of degrees of freedom associated with the MS,.

For equal sample sizes, Tukey’s test declares two means significantly different if the absolute
value of their sample differences exceeds

MS
T, = qua.f) | =



Appendix (to be used in next slide)

b LIETA LN Sl

P

f 2 3 4 5 6 7 8 9 10 11

1 181 26,7 328 372 405 43.1 454 413 49.1 0.6

2 609 B28 980 1089 1173 1243 1303 1354 1399 1439
3 450 588 683 7.51 8.04 847 8.85 9.18 046 9.72
4 393 500 576 6.31 6.73 7.06 7.35 7.60 T.83 8.03
5 364 460 522 5.67 6.03 6.33 6.58 6.80 6.99 717
6
7
8
9

j46 434 490 531 5.63 5.89 612  6.32 6.49  6.65
3’4 416 468 506 535 5.59 580 599 6.15  6.29
3260 404 453 489 517 540 560 577 592 6.05
320 395 442 476  5.02 5.24 543 5,60 574 5.87
10 315 388 433 466 491 5.12 530 540 560 572

11 311 382 426 458 482 5.03 520 535 549 5.6l
12 308 377 420 451 4.75 4.95 512 527 540 551
13 306 373 415 446 469 4.88 505 519 5.32 5.43
14 303 370 411 4.41 4.64 4.83 499 513 525 536
15 301 367 408 437 459 4.78 494  5.08 520 531

16 300 365 W05 M34 456 474 490 503 515 526



Tukey’s test example

To illustrate Tukey’s test, we use the data from the plasma
etching experiment in Example 3.1. With @ = 0.05 and [ =
16 degrees of freedom for error, Appendix Table VII gives
Goos(4, 16) = 4.05. Therefore, from Equation 3.35,

MS 333.
Toos = doostd, 16) [ = 405 [332T0 = 33.09

Thus, any pairs of treatment averages that differ in absolute
value by more than 33.09 would imply that the correspon-
ding pair of population means are significantly different.
The four treatment averages are

v, = 5512 ¥y, = 587.4
V. = 6254 3y, = 707.0

and the differences in averages are

V.. — ¥, = 551.2 — 587.4 = —36.20*
Y. — ys. = 551.2 — 625.4 = —T74.20*
V.. — ¥4 = 551.2 — 707.0 = —155.8*
Y. — ¥5. = 587.4 — 625.4 = —38.0*

Y, — V4. = 587.4 — 707.0 = —119.6*
Ys. — V4. = 625.4 — 707.0 = —81.60*

The starred values indicate the pairs of means that are sig-
nificantly different. Note that the Tukey procedure indicates
that all pairs of means differ. Therefore, each power setting
results in a mean etch rate that differs from the mean etch
rate at any other power setting.



Comparing Treatment Means with a
Control (Dunnet’s test)

In many experiments, one of the treatments is a control, and the analyst is interested in
comparing each of the other a 1 treatment means with the control. Thus, only a 1 comparisons

are to be made.

Suppose that treatment a is the control and we wish to test the hypotheses

Hy:p; = p,

H,:p; # g,

For each hypothesis, we compute the observed differences in the sample means

¥ — Yal i=1,2,...,a — 1

The null hypothesis H,: u; = u, is rejected using a type I error rate « if

P \/MS r( 1,1 ) where the constant d,(a — 1, f) is given in Appendix Table VIIL (Both two- and one-sided
. = Ya| > dte ) A\ M) fests are possible.) Note that a 1 the joint significance level associated with all @ — 1 tests,




An example

To illustrate Dunnett’s test, consider the experiment from
Example 3.1 with treatment 4 considered as the control. In
this example,a =4,a — 1 =3,f=16,and n;, = n = 5. At
the 5 percent level, we find from Appendix Table VIII that
dyos(3, 16) = 2.59. Thus, the critical difference becomes

2MS,. [2(333.70
- £'=259 % =29.92

(Note that this is a simplification of Equation 3.42 resulting
from a balanced design.) Thus, any treatment mean that dif-

dy5(3, 16)

dopsta — 1, 1)
Two-Sided Comparisons

fers in absolute value from the control by more than 29.92
would be declared significantly different. The observed dif-
ferences are

1vs.4:y, — y, = 551.2 — 707.0 = —155.8
2vs. 41y, — y, = 587.4 — 707.0 = —119.6
3vs.4:y, — y, = 625.4 — 707.0 = —81.6

Note that all differences are significant. Thus, we
would conclude that all power settings are different from
the control.

a — 1 = Number of Treatment Means (Excluding Control)

f 1 2 3
5 2.57 3.03 3.29
6 2.45 2.86 3.10
7 2.36 275 2.97
8 231 2.67 2.88
9 2.26 2.61 2.81

10 2.23 2.57 2.76
11 2.20 2.53 2.72
12 2.18 2.50 2.68

13 2.16 2.48 2.65
14 2.14 2.46 2.63
15 2.13 2.44 2.61
16 2.12 2.42 2.50



Determining sample size

In any experimental design problem, a critical decision is the choice of sample size—that is,
determining the number of replicates to run. Generally, if the experimenter is interested in
detecting small effects, more replicates are required than if the experimenter is interested in
detecting large effects.

Here we discuss the approach using OC curve

An operating characteristic (OC) curve is a plot of the type Il error probability of a statistical test
for a particular sample size versus a parameter that reflects the extent to which the null
hypothesis is false. These curves can be used to guide the experimenter in selecting the number
of replicates so that the design will be sensitive to important potential differences in the
treatments.

We consider the probability of type Il error of the fixed effects model for the case of equal
sample sizes per treatment, say

B = 1 — P{Reject Hy|H, is false)

=1 — P{Fy>F,, \n-4H, is false} _



To evaluate the probability statement in Equation 3.43 (mentioned in the last slide), we need to
know the distribution of the test statistic F, if the null hypothesis is false. It can be shown that, if
HO is false, the statistic Fy = MS;, . iments/ MSg is distributed as a noncentral F random variable with
a-1andN - a degrees of freedom and the noncentrality parameter 6. If 6 =0, the noncentral F
distribution becomes the usual (central) F distribution.

Operating characteristic curves given in Chart V of the Appendix are used to evaluate
the probability statement in Equation 3.43. These curves plot the probability of type II error
(B) against a parameter ®, where

P? = = (3.44)

The quantity & is related to the noncentrality parameter 8. Curves are available for a = 0.05
and a = 0.01 and a range of degrees of freedom for numerator and denominator.



In using the OC curves, the experimenter must specify the parameter ® and the value of
o”. This is often difficult to do in practice. One way to determine ® is to choose the actual val-
ues of the treatment means for which we would like to reject the null hypothesis with high
probability. Thus, if w,, w,, . . ., w, are the specified treatment means, we find the 7; in Equation
348 as 1, = wu; — m, where u = (1/a)2;_,u; is the average of the individual treatment means.
The estimate of o may be available from prior experience, a previous experiment or a prelim-
inary test (as suggested in Chapter 1), or a judgment estimate. When we are uncertain about
the value of ¢, sample sizes could be determined for a range of likely values of ¢” to study the
effect of this parameter on the required sample size before a final choice is made.



A significant problem with this approach to using OC curves is that it is usually difficult to
select a set of treatment means on which the sample size decision should be based. An alternate
approach is to select a sample size such that if the difference between any two treatment means
exceeds a specified value, the null hypothesis should be rejected. If the difference between any
two treatment means is as large as D, it can be shown that the minimum value of d?is

nD’

P? =
2ac?

(3.45)

Because this is a minimum value of ®?, the corresponding sample size obtained from the
operating characteristic curve is a conservative value; that is, it provides a power at least as
great as that specified by the experimenter.



Discovering dispersion effects

We have focused on using the analysis of variance and related methods to determine which
factor levels result in differences among treatment or factor level means. It is customary to refer
to these effects as location effects.

If there was inequality of variance at the different factor levels, we used transformations to
stabilize the variance to improve our inference on the location effects.

In some problems, however, we are interested in discovering whether the different factor levels
affect variability; that is, we are interested in discovering potential dispersion effects. This will
occur whenever the standard deviation, variance, or some other measure of variability is used
as a response variable.

To illustrate these ideas, consider the data in Table 3.15, which resulted from a designed
experiment in an aluminum smelter.



m TABLE 3.15
Data for the Smelting Experiment

Ratio

Control Observations

Algorithm 1 2 3 - 5 6

1 4.93(0.05) 4.86(0.04) 4.75(0.05) 4.95(0.06) 4.79(0.03) 4.88(0.05)
2 4.85(0.04) 4.91(0.02) 4.79(0.03) 4.85(0.05) 4.75(0.03) 4.85(0.02)
3 4.83(0.09) 4.88(0.13) 4.90(0.11) 4.75(0.15) 4.82(0.08) 4.90(0.12)
4 4.89(0.03) 4.77(0.04) 4.94(0.05) 4.86(0.05) 4.79(0.03) 4.76(0.02)

m TABLE 3.16

Analysis of Variance for the Natural Logarithm of Pot Noise

Source of Sum of Degrees of Mean

Variation Squares Freedom Square Fy P-Value
Ratio control algorithm 6.166 3 2.055 21.96 <0.001
Error 1.872 20 0.094

Total 8.038 23




An analysis of variance was performed to determine whether the different ratio control
algorithms affect average cell voltage. This revealed that the ratio control algorithm had no
location effect; that is, changing the ratio control algorithms does not change the average cell
voltage.
An analysis of variance was performed to determine whether the different ratio control
algorithms affect average cell voltage. This revealed that the ratio control algorithm had no
location effect; that 1s, changing the ratio control algorithms does not change the average cell

voltage. (Refer to Problem 3.38.)
To investgate dispersion effects, it 1s usually best to use

log(s) or log(s?)

as a response variable since the log transformation is effective in stabilizing variability in the
distribution of the sample standard deviation. Because all sample standard deviations of pot
voltage are less than unity, we will use

v = —In(s)

as the response variable. Table 3.16 presents the analysis of vanance for this response, the nat-
ural logarithm of “pot noise.”” Notice that the choice of a ratio control algorithm affects pot
noise; that is, the ratio control algorithm has a dispersion effect. Standard tests of model ade-
guacy, including normal probability plots of the residuals, indicate that there are no problems
with experimental validity.



The Random Effects Model

An experimenter is frequently interested in a factor that has a large number of possible levels. If
the experimenter randomly selects a of these levels from the population of factor levels, then
we say that the factor is random.

Because the levels of the factor actually used in the experiment were chosen randomly,
inferences are made about the entire population of factor levels. We assume that the
population of factor levels is either of infinite size or is large enough to be considered infinite.

Situations in which the population of factor levels is small enough to employ a finite population
approach are not encountered frequently.

The linear statistical model is

1.2,....a
12 n (3.47)

2 2

i

where both the treatment effects 7; and €;; are random variables.



IThe variances o and o are called variance components, and the model (Equation 3.47) is
called the components of variance or random effects model. The observations in the random
effects model are normally distributed because they are linear combinations of the two normally
and independently distributed random variables 7; and &;. However, unlike the fixed effects
case in which all of the observations y; are independent, in the random model the observations
y; are only independent if they come from different factor levels. Specifically, we can show that
the covariance of any two observations is

Cov (Ja;,-. y;,—-) =0 j#E]

Cov (}r,}-, }r,--j:) =0 1#7



Analysis of Variance for the Random
Model

The basic ANOVA sum of squares identity
S‘ST = SSTrcalmcnm + SSE (3-48}

is still valid. That is, we partiion the total variability in the observations into a component
that measures the variation between treatments (SSycumens) @Nd a component that measures
the variation within treatments (85;). Testing hypotheses about individual treatment effects is
not very meaningful because they were selected randomly, we are more interested in the pop-
ulation of treatments, so we test hypotheses about the variance component o 2.

HD: UE = ()
H,: o =0 (3.49)
If o2 = 0, all treatments are identical; but if 2 = 0, variability exists between treatments.

As before, SS/o” is distributed as chi-square with N — a degrees of freedom and, under the
null hypothesis, S8t eumend/ @ is distributed as chi-square with a — 1 degrees of freedom. Both

random variables are independent. Thus, under the null hypothesis o7 = 0, the ratio
SS'I'n:ﬂmcnl.l;
_a— 1 _ MSTrcamem

N —a

- is distributed as F with a — 1 and N — a degrees of freedom. _




The expected values of mean squares are:

EMS eamens) = 0° + no?

EMS)) = o

From the expected mean squares, we see that under H,, both the numerator and denom-
inator of the test statistic (Equation 3.50) are unbiased estimators of ¢, whereas under H, the
expected value of the numerator is greater than the expected value of the denominator.
Therefore, we should reject H, for values of F, that are too large. This implies an upper-tail,
one-tail critical region, so we reject Hyif Fy> F,, | va



Estimating the Model Parameters

The parameters can be estimated as:

Erz . MSE

o MSTn:almcnl.s - MSE
I

ﬂ-lr'_

An example is discussed next



Example 3.11

A textile company weaves a fabric on a large number of
looms. It would like the looms to be homogeneous so that it
obtains a fabric of uniform strength. The process engineer
suspects that, in addition to the usual variation in strength
within samples of fabric from the same loom, there may also

m TABLE 3.17
Strength Data for Example 3.11

be significant variations in strength between looms. To
investigate this, she selects four looms at random and makes
four strength determinations on the fabric manufactured on
each loom. This experiment is run in random order, and the
data obtained are shown in Table 3.17. The ANOVA is con-

ducted and is shown in Table 3.18. From the ANOVA, we
conclude that the looms in the plant differ significantly.

Observations
Looms 1 2 3 4 ¥
1 08 o7 99 96 390
2 01 00 03 92 366
3 06 95 97 95 383
4 95 06 99 98 388
1527 =y



Solution

Therefore, the variance of any observation on strength is

estimated by
The variance components are estimated by > = 1.90 and by = 24 &2 =1.90 + 6.96 = 8.86.
.2 2973 — 1.90 Most of this variability is attributable to differences
o= = 6.96
4 between looms.

m TABLE 3.18
Analysis of Variance for the Strength Data

Source of Variation Sum of Squares Degrees of Freedom Mean Square F, P-Value
Looms 89.19 3 29.73 15.68 <0.001
Error 22.75 12 1.90

Total 111.94 15



Estimation of the Overall Mean L.

In many random effects experiments the experimenter is interested in estimating the overall
mean . From the basic model assumptions it is easy to see that the expected value of any
observation is just the overall mean. Consequently, an unbiased estimator of the overall mean is

-~ —

r=Y.
So for Example 3.11 the estimate of the overall mean strength is
A= Y. _ 1527 _
R=Y. =N~ 16 95.44

the 100(1 — a)% CI on the overall mean is

- MS ments — MS ments
Y.~ lan, a{n—])\/ T; S=p =y At ey ﬂfﬂ-l]\/ T;:: : (3.61)



Nonparametric Methods in the Analysis
of Variance

In situations where the normality assumption is unjustified, the experimenter may wish to use
an alternative procedure to the F test analysis of variance that does not depend on this
assumption.

Such a procedure has been developed by Kruskal and Wallis (1952). The Kruskal-Wallis test is
used to test the null hypothesis that the a treatments are identical against the alternative
hypothesis that some of the treatments generate observations that are larger than others.

Because the procedure is designed to be sensitive for testing differences in means, it is
sometimes convenient to think of the Kruskal-Wallis test as a test for equality of treatment
means. The Kruskal-Wallis test is a nonparametric alternative to the usual analysis of variance.



To perform a Kruskal-Wallis test, first rank the observations y; in ascending order and
replace each observation by its rank, say R;, with the smallest observation having rank 1. In

the case of ties (observations having the same value), assign the average rank to each of the
tied observations. Let R; be the sum of the ranks in the ith treatment. The test statistic is

2 2
[2 i _ @ : ])} (3.67)

where n; 1s the number of observations in the ith treatment, N is the total number of observa-

tions, and
., NN+ 1)
S? [2 2‘, ( 2 )] (3.68)

i=1 j=

Note that 8 is just the variance of the ranks. If there are no ties, §? = N(N + 1)/12 and the
test statistic simplifies to

2

R;
WZE_B(NJF 1)

H =



When the number of ties is moderate, there will be little difference between Equations 3.68
and 3.69, and the simpler form (Equation 3.69) may be used. If the n; are reasonably large,
say n; = 5, H is distributed approximately as y2_, under the null hypothesis. Therefore, if

H} Xi,a—]

the null hypothesis is rejected. The P-value approach could also be used.




An example

The data from Example 3.1 and their corresponding ranks and the test statistic is
are shown in Table 3.20. There are ties, so we use Equation o R NN+ 1)
3.67 as the test statistic. From Equation 3.67 H = 1 L s -
S & 4
20(21)° 1
2 1 _ — = —_— " —
GF = E[zsﬁg.:sn ; ] = 34.97 1457 12796.30 — 2205]
- 1 01
Data and Ranks for the Plasma Etching Experiment in Example 3.1
Power
160 180 200 220
Yy Ry; Y2 Ry; Y3 Ry Yaj R,
575 6 565 4 600 10 725 20
542 3 593 9 651 15 700 17
530 1 590 8 610 11.5 715 19
539 2 579 7 637 14 685 16
570 5 610 11.5 629 13 710 18
R; 17 39.5 63.5 90

Because H > x5 = 11.34, we would reject the null value for H = 16.91 is P = 7.38 X 10 *) This is the same
hypothesis and conclude that the treatments differ. (The P- conclusion as given by the usual analysis of variance F test.




